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Abstract. The t < branch of pre-big bang cosmological scenarios is subject to a gravitational wave 
instability. The unstable behaviour of tensor perturbations is derived in a very simple way in Hwang's 
covariant and gauge-invariant formalism developed for extended theories of gravity. A simple interpretation 
of this instability as the effect of an "antifriction" is given , and it is argued that a universe must eventually 
enter the expanding phase. 
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1 Introduction 

The application of string theory to cosmology has pro- 
duced, among other things, pre-big bang cosmology (see 
[TJ[2] for a recent exhaustive review). Low-energy string 
cosmology can be described by the action of the graviton- 
dilaton sector 



S = 



J d d+1 x^~g e-* (R + gT V M #V„#) (1) 



plus matter, where As is the natural unit of length, g^ v is 
the metric tensor with determinant g, and R is the Ricci 
curvature. Two features are characteristic of string theo- 
ries and unavoidable: the first is the presence of the dilaton 
field <P together with the metric tensor g^, and the sec- 
ond is the non- minimal coupling of <P to the Ricci scalar R. 
Following PQ, we neglect for simplicity the matter sector 
and focus on the cosmological effects of the dilaton. As- 
suming the extra spatial dimensions to be compactified, 
the action can be reduced to the Brans-Dicke form 



~>BD 



d 4 x. 



gTVutpVyip (2 



provided that cjo = — 1 (it is well know that the low-energy 
limit of the bosonic string, the prototype of string theories, 
leads to Brans-Dicke gravity with Brans-Dicke parameter 
w = -1 [3]). 

In pre-big bang cosmology it is common to use the 
shifted dilaton <P = <P— In (TTjOi), where the Oi are the scale 
factors of the d-dimensional Bianchi metric ds 2 = — dt 2 + 
J2i a i {dx 1 ) 2 . Here we consider spatially flat Friedmann- 
Lemaitre-Robertson- Walker (FLRW) metrics, which are 
the most recurrent in pre-big bang cosmology, and d = 3, 



the extra spatial dimensions being compactified, therefore 
<P = <P — 3 In a, where a is the scale factor of the three- 
dimensional spatial sections and 



ip = c 



(3) 



The following solutions derived using scale factor dual- 
ity transformations [1] are representative of pre-big bang 
cosmology [TJH]: 

a (1) (f)=i 1 /V3 ) <P (1) (*) = _i n * ( t>0 ), (4) 
0(2) (*) = # (2) (t) = -ln(-t) (t<0), 

(5) 

a m {i)=r 1 '^, * (3) (t)=-lnt (t>0), (6) 

0(4) (*) = (~t)- 1/VE , # (4 )(t) = -M-t) (*<0). 

(7) 

There is a singularity at t = 0, which is hoped to be 
somehow eliminated due to the existence of a fundamen- 
tal minimum length, the size of the string, so that the two 
branches of pre- and post-big bang can be joined smoothly 
through a bounce or a "graceful exit" 0[T]. 

The stability of these solutions is an issue. Gravita- 
tional instabilities are well known to plague pre-big bang 
cosmology pQ and here we want to study tensor perturba- 
tions and their stability. Inhomogeneous perturbations in 
cosmology are subject to the notorious gauge-dependence 
problems and need to be analyzed in a gauge-invariant 
way. In the effective Brans-Dicke theory ©, inhomoge- 
neous perturbations are best analyzed using the covariant 
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and gauge-invariant formalism of Bardeen, Ellis and Bruni 
[5,6 in the version developed by Hwang and Noh [7] for 
alternative gravity described by the action 



d 4 x- 



/(</>, R) u(tf>) 



(8) 

This formalism is particularly convenient to analyze per- 
turbations in the pre-big bang scenarios described by J2|). 
In the next section, the basic variables and equations of 
this formalism are rewieved and applied to pre-big bang 
cosmology. 



2 The gauge-invariant formalism 

The metric components are written as 
.goo = -a 2 (1 + 2 AY) , 



9o i 



-oT B Y, 



gij = a 2 [hj (1 + 2H L ) + 2H T Yij] 



(9) 
(10) 

(11) 



where hij is the three-dimensional metric of the FLRW 
background with associated covariant derivative Vi. The 
scalar harmonics Y are the eigenfunctions of the eigen- 
value problem 

ViV*y = -k 2 Y , (12) 

with eigenvalue k, while the vector and tensor harmonics 
Yi and satisfy 



Yi = -\^,Y, 



Y ij = ^V i V j Y+^Yh ij . (13) 



The gauge-invariant variables used in Hwang's formalism 
are the Bardeen [5] potentials 



$h=H l 



<P A = A 



-( 

k \ 



B — — Ht 
k 





a 






+ k 


B-\(aH T y 



and the Ellis-Bruni 6. variable 
A<b = 6<p + ^<j> [b 



k 



Hn 



(14) 
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(15) 
(16) 



where a is the scale factor of the background FLRW line 
element 



ds 2 



-dt 2 + a 2 (t) (dx 2 + dy 2 + dz 2 ) 



(17) 



and an overdot denotes differentiation with respect to the 
comoving time t. The first order equations for the gauge- 
invariant perturbations are [7] 



A<t> 



3H 



4> du> 
uj dcj) 



Acf> 



k 2 
a 2 



1 duj 



- 2 dcj)\ud<t> 
b ($ A - 3$ H 



d_ _ ]_dV 

d(j> \ 2uj dcf> uj d<p 



A(j> 



i±fdl_ 2 dV\ 

uj \ d(f> d(j> J 



1 d 2 f 
2uj d(j>dR 



AF - 311 AF + [!?---') AF + -AR+-LJ 

a 2 3 



(18) 



1 / - 2 duj df 



dV\ 



f y 2^jL _ 4 — ) Acf) 

3 V d(j> d(j> deb J 



F 



H, 



(& A - 3$ H ) + | (FR - 2/ + AV) $ A , (19) 

/ P\ ■ k 2 
+ I 3H + - J H T + H T = , (20) 



-$H- 



F \ 1 AF AF uj ■ \ 

H+ w)* A =2-{-F-- H -F + F* A <t>)> 

(21) 



a) ^ + 2(^ + 2^)^ 



1 / UJ ; 2 3 F 2 



1 3 FAF 



2 2 F 2 



k 2 3H F\ AF u) ■■ 

3H - — + — d>A(b 

a 2 2 F F F 



1 

2F 



■ 2 dcj df dV 'i I t t F 
b T^^ + 2 ^ + ^\ H+ 2F / 



A<t> 



3 H + H$ H + I H + ^ ) (2$ H - $ A 



AF 



(22) 
(23) 



+ 2fV~ 2V - RF) * a 



AF AF AF uj ■ 

— + 2H— + (P- P ) — + - ( f > A ( f > 



1 

~2 

5^£ + g-»£ \M 



(24) 



AR = 6 



2k 2 

<P H + iH$ H + t^Qh - H$ A 



2H + 4H Z -—) $ A 



(25) 
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where F = df jdR and F c = h~ V dF is the spatial projec- 
tion of the gradient of F and the effective energy density 
and pressure of the scalar are 



P = 



P = 



1 




F 


2 


1 




F 


2 



(RF-f + 2V) 



(f-RF- 2V) 



- 3HF + V C F C 



(26) 



F + 2HF - - V C F C 



(27) 



While the analytic solution of the perturbation equations 
in a background other than de Sitter [5] is a daunting 
task, eq. (|2H1) for the tensor modes Ht is particularly sim- 
ple since it is decoupled from the equations for the other 
modes. In the zero-momentum limit k —> it reduces to 



Hn 



3H + — ) H T = 



(28) 



using the fact that F = (p. Note also that, using the well 
known result of pre-big bang cosmology 3 = ±VSH (see, 
e.g., p. 139 of pQ), the coefficient of Ht in eq. (|2"0|) is 
(3H + tp/tp) = —<P and corresponds to a friction term 
if 3 < and to antifriction if <P > 0. Positive friction 
will damp the tensor perturbations, while antifriction en- 
hances them. Eq. (|28l) yields 



Ht — 



C 

a 3 ip 



(29) 



where C is an integration constant. 

Let us consider the contracting pre-big bang solution 

a(2)(t) = (-t) 1/V *, <P (2 )(f) = -ln(-t) for t < 0: here 

3 = -1/t > and 



H T = ^ = C<? = ^ 
a^tp —i 



(30) 



3 Discussion 

The pre-big bang branch is unstable with respect to long 
wavelength tensor perturbations. This fact is well known, 
but it appears in a particularly simple way in Hwang's 
formalism and the discussion is not tied to a particular 
gauge, as is often the case in the literature. Moreover, in 
the previous discussion, the instability receives a particu- 
larly simple interpretation as the effect of an antifriction 
in the evolution equation for these gauge- invariant modes, 
which is inherently due to the fact that the universe con- 
tracts. This instability could be regarded as a shortcom- 
ing of pre-big bang scenarios. However, it is also possible 
that breaking the evolution of the pre-big bang branch 
by means of tensor perturbations (of classical or quan- 
tum origin) that grow and drive the universe away for the 
background evolution helps in solving the long-standing 
graceful exit problem of joining the pre- and the post- 
big bang branches. This possibility deserves attention in 
the future. In any case, it seems that a contracting phase 
cannot last, eventually becoming unphysical, and that the 
universe is bound to evolve into an expanding one. 

Another aspect of the gravitational wave instability is 
that, since long wavelength modes can grow, if they are 
somehow stopped before causing the dynamics to deviate 
drastically from a FLRW one (which can only be assessed 
in a more detailed scenario and ideally requires to be con- 
firmed by a second order perturbation analysis), large- 
scale perturbations in the cosmic microwave background 
would be induced. While the experimental error in the ob- 
servations is necessarily large at these large scales, there 
is hope that a signature of pre-big bang physics is still left 
in the cosmic microwave background. Although stabiliza- 
tion seems a problem at present, the possibility of such 
a signature makes it worth to pursue this possibility. It 
is not excluded that, in this case, the growing Ht modes 
induce effects detectable already by the PLANCK satel- 
lite [5] . More detailed pre-big bang scenarios stabilized by 
extra ingredients will be analyzed (also at smaller scales) 
in future work with this possibility in mind. 



diverges as t — > (for general non-zero values of the 
arbitrary integration constant C). Similarly, for the pole- 

like expanding pre-big bang branch au)(t) = (—i) ' , 
J>( 4 ) = — ln(— t) (with t < 0), the tensor perturbations 

diverge as t — > 0" . For both of these solutions 3 = — 1/t > 
corresponds to antifriction. 

Let us consider now the post-big bang (t > 0) branch 
a (1) (t) ^t 1 /^, <£ (1) = - hit; here 



Hn 



Ce* = - 
t 



(31) 



tends to zero as t — >• +00 irrespective of the value of C 
and Ht becomes constant, corresponding to neutral sta- 
bility. Note that in this case 3 = — 1/t < corresponds 
to (positive) friction. The same considerations apply to 



0(3)(t) =t~ 1/V ^, 3 



(3) 



hit (for t > 0). 



Acknowledgments 

We thank a referee for useful comments. This work is sup- 
ported by the Natural Sciences and Engineering Research 
Council of Canada (NSERC). 



References 

1. M. Gasperini, Elements of String Cosmology (Cambridge 
University Press, Cambridge, 2007). 

2. M. Gasperini, The Universe Before the Big Bang: Cos- 
mology and String Theory (Springer, Berlin, 2008); M. 
Gasperini and G. Veneziano, Phys. Kept. 373, 1 (2003). 

3. C.G. Callan, D. Friedan, E.J. Martinec and M.J. Perry, 
Nucl. Phys. B 262, 593 (1985); E.S. Fradkin and A. A. 
Tseytlin, Nucl. Phys. B 261, 1 (1985). 



4 



Valerio Faraoni: Gauge-invariant gravitational wave modes in pre-big bang cosmology 



4. A. A. Tseytlin, Mod. Phys. Lett. A 6, 1721 (1991); G. 
Veneziano, Phys. Lett. B 265, 287 (1991). 

5. J.M. Bardeen 1980, Phys. Rev. D 22, 1882. 

6. G.F.R. Ellis and M. Bruni, Phys. Rev. D 40, 1804 (1989); 
G.F.R. Ellis, J.-C. Hwang and M. Bruni, Phys. Rev. D 
40 1819 (1989); G.F.R. Ellis, M. Bruni and J.-C. Hwang, 
Phys. Rev. D 42, 1035 (1990); J.-C. Hwang and E.T. Vish- 
niac, Astrophys. J. 353, 1 (1990). 

7. J.-C. Hwang, Class. Quantum Grav. 7, 1613 (1990); J.-C. 
Hwang, Phys. Rev. D 42, 2601 (1990); J.-C. Hwang, Class. 
Quantum Grav. 8, 195 (1990); J.-C. Hwang, Phys. Rev. D 
53, 762 (1996); J.-C. Hwang, Class. Quantum Grav. 14, 
1981 (1997); J.-C. Hwang and H. Noh, Phys. Rev. D 54, 
1460 (1996); H. Noh and J-C. Hwang, Phys. Lett. B 515, 
231 (2001). 

8. V. Faraoni, Phys. Rev. D 70, 044037 (2004); Phys. Rev. D 
70, 081501(R) (2004); Phys. Rev. D 72, 061501(R) (2005) 
G. Cognola, E. Elizalde, S. Nojiri, S.D. Odintsov, and S 
Zerbini, J. Cosmol. Astropart. Phys. 0502:010 (2005); V 
Faraoni and S. Nadeau, Phys. Rev. D 72, 124005 (2005) 
G. Cognola and S. Zerbini, J. Phys. A 39, 6245 (2006) 
V. Faraoni and M.N. Jensen, Class. Quantum Grav. 23 
3005 (2006); V. Faraoni, Phys. R ev. D 75, 067302 (2007) 
G. Cognola and S. Zerbini. larXiv:0802. 39671 G. Cognola, 
M. Gastaldi, and S. Zerbini, Int. J. Theor. Phys. 47, 898 
(2008). See also T.P. Sotiriou and V. Faraoni, Rev. Mod. 
Phys. 82, 451 (2010) 



9. PLANCK homepage http://www.rssd. esa.int/index.php?project=Planck 



